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Formulating Measures:

toward modeling in the K-12 science and mathematiosurriculum

Humans seem to have an insatiable desire to ratéc.gConsider the ubiquitous “10
most...” and “10 best...” lists that are found in paguinagazines. The annual rank
ordering by news weeklies of US colleges and usities is anxiously awaited each year
by admissions offices throughout the country.

Sometimes we seek to order quantities that arettiraccessible to the senses such as
heights and weights. The rank ordering of such guesis relatively straightforward,
although it may require the introduction of insteemts to refine or extend our senses.
Sometimes, however, we seek to order quantitie¢satieaclearly dependent on several, or
even many, contributing factors such as cost afdivor the efficiency of an automobile.

It is sometimes the case that when rank orderioh samplex quantities, the bases for
the rank orderings are made explicit and publias Tilay permit one to say that in the
ordering A, B, C whether B is closer to A tharsito C and if so, by how much. When
this happens it is fair to say that we have devaetkasure of the scale along which A,
B, and C are arrayed.

It is centrally important to the practice of margtural and social science disciplines to
go through the exercise of forming measbiasjuantities of interest. Indeed it may be
said that the formulation of measures is an immbfiest step in the act of modeling —
with the measure itself serving as the heart aftecgiral model, or the time dependence
of the measure as the core of a functional nfodel

Geographersstudying spatial segregation patterns, compuienssts studying the
evolution of biological complexity, biochemistsying to establish similarity of
metabolic pathways, reading speciafistsidying dyslexia in children and public health
physician$ studying stress in neighborhoods to name a few.

! By measurd mean a construct that we devise to quantifyaim@unt or degree of a property or attribute
of an object or a situation of interest.

2 see for example — Schwartz, J.L. Houndations for the Future in Mathematics EducafioA. Lesh, E. Hamilton &
J.J. Kaput, (Eds.), Mahwah, NJ 2007, Lawrence ErtbAssociates, pp. 161-172

% See for example David W. Wong, Formulating a Gangpatial Segregation Measure, The Professionagj@gher,
Volume 57 Issue 2 Page 285 - May 2005

* In a report to the NSF from the Digital Life Labtory at CalTech - The importance of formulatingeasure of
complexity for symbolic sequences cannot be unterated, as discussions about complex systemsdiasgs been
marred by an inability among scientists to agrea ameasure. The practical success of this meassikgell as its
intuitive simplicity, should ultimately remedy théguation. We have applied it to one of the cdmirablems in
evolutionary theory: the evolution of complexity

® See for example Maureen Heymans and Ambuj K. Sibghiving phylogenetic trees from the similaritgdysis of
metabolic pathways, Bioinformatics,Vol. 19, Sudpl2003 pp, i138-i146

® See for examplehttp://web.mit.edu/murj/www/v07/v07-News/vO7-wonbdif.

" See for example — A. Steptoe & P.J. Feldman, Neigfood Problems as Sources of Chronic Stress:|l@@vent of
a Measure of Neighborhood Problems, and Assocgtiith Socioeconomic Status and Heakhnals of Behavioral
Medicine2001, Vol. 23, No. 3, Pages 177-185
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Formulating a measure requires one to be exphataithe constituent elements of data
that one believes are important in a given situatio this respect, formulating a measure
is like making a model — one must decide on théshEgelevance and importance, what
to include in, and exclude from, the measure b@ngulated.

As an example of such a measure-formulating agtilet me offer an example from the
work of the Balanced Assessment in Mathemagicsject. The project devised a set of
tasks called “-ness” tasks (for reasons that wdkpntly become clear). The purpose of
these tasks is to see how well students can foyrdabicribe a relationship of which they
are aware perceptually but probably have nevematied to describe in any formal, not
to mention quantitative, fashion. For the sakepeicticity, the following is an example:

“Square-Ness”

Below is a collection of rectangles.

1. Which of the rectangles is the “squarest™?

2. Arrange the rectangles in order of “square-hieesn most to least square.

3. Devise a measure of “square-ness,” expresgetaically, that allows you to order any
collection of rectangles in order of “squareness.”

4. Devise a second measure of “square-ness” aodst the advantages and disadvantages of
each of your measures.

These tasks require students to identify and desdormally a geometric property of
some two- or three-dimensional shape. It is imparta stress that properties such as
“squareness” are not formal geometric propertiéerd are no academically correct or
universally accepted answers to these questionsh@®ather hand, there are sensible
(and non-sensible) answers.

Elements of performance on this task include:
e Choosing the most and least square figure
e A verbal description of the geometric property uegtion (in this case what one
means by “squareness”)

8 See balancedassessment.concord.org
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Identifying the geometric elements that combin&ton the measure of
“squareness”

e Forming an algebraic or other symbolic relationsimpong these elements
e Computing values of the measure for various figures

e Discussing the advantages and disadvantages afg¢hsure under varying
circumstances

This task can clearly be extended to include defirheasure of “squareness” for all
parallelograms, or for all quadrilaterals, or foat matter for all closed convex curves in
the plane.

Other such tasks involve defining measures of ‘{simess” of bends in roatgot as
obvious as one might think), “crowded-neé8s“smooth-ness” of “spherical” objects

® For example - Here is a map of a part of a treil park.

Pretend you are talking to a friend on the teleph&ise your measure of “curvy-ness” to tell yoigrfd how to draw
this map.

19 Which is more crowded? How much more crowded?
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(e.g., golf ball, orange, Earth, etc.), “disc-néésft cylinders (e.g., tuna fish can, penny,
stick of uncooked spaghetti, etc.), “good-nessfitadf a functional form to a collection
of data points, etc.

The essential point in such tasks is this — byraskieople to formulate measures and
thus to formally isolate elements of a perceptu@iyiliar image and to describe with

precision the relationships among them, the tasikdes on an act of modeling largely
unconfounded by the need for specialized domainvieuge.

Square-ness and the other —ness tasks discussesl arlednstances of measure
formulation that proceed from the perceptuallyes#li They are elementary forms of
modeling tasks that unfortunately are too rarelynfib in the K-12 curriculum despite the
fact that even very young children can make subsidmreadway with them.

Measure-formulation can and should go beyond thdskof examples shown above that
start with stimuli that can be perceived visualhdeed, there are two instances of K-12
measure formulation that are present in all K-12heaatics and science curricula
although they are almost never presented as siey. are

e Quotient measures for the most part these are intensive quantstieh as ratio
and rate [mi/hr, mi/gal, hr/mi, gal/mi, $/Ib, Ib/$,] ,

and

e Product measuresf all sorts but especially Cartesian producthsagareas,
volumes, kinds of outfits, passenger-miles, perngears, etc.

2 A coin is a disc, and an uncooked piece of spéighet cylinder. If you think about it, howevergain is also a
cylinder and an uncooked piece of spaghetti isaldisc. Clearly the coin is more disc-like andshaghetti more

cylinder-like.
)

—

Given a coin, a tuna-fish can and a soup can: Bevimeasure of disc-ness that allows you to saghndbject is the
most disc-like and which is the least and whetherémaining object is more like the most- or ledistc-like. By how
much?



Judah L. Schwartz PLEASE DO NOT QUOTE
50f 15 April 2008

An intensive quantity is a measure of a relatiopsimdnot of the amounts of the
guantities that enter into that relationship. Ifwish to capture in the measure we
formulate a relationship that does not depend erathounts of the quantities that enter
into the relationship we often use an intensivenjya For example, in the case of
square-ness illustrated above, [denoting lengtiooizontal sides by H and vertical sides
by V] the measure H/V will be the same for all getrcally similar rectangles
independent of siz¥.

The density of a material is a measure of theioglahip between the mass of an object
made of that material and the volume the objectipies. If we were to shatter the
object* into many pieces, the pieces would each have smakisses and smaller
volumes, but they would all have the same denBignsity is a measure that
characterizes the nature of a materialrdmittits amount. Formulating measures like this
is a notoriously difficult task — if for no otheeason than we both must decide on what
properties to attend to, and then to formulate soombination of these properties whose
value will not depend on how large a piece of tla¢emal we are considering.

Here is an excerpt from an essay that follows #asaoning leading to the formulation of
a density measure.

If we have a collection of pieces of aluminum (san aluminum saucepan, a door
hinge, a machine screw) and a collection of piecdpine (say, a cutting board, a small
jewelry box, a chess piece) and a collection ofcpie of polystyrene (say, several
different food containers) most people would belinid to agree that there is some
property of aluminum that is “larger” than that opine. Suppose, for the moment, we
call this property “oomph”

Is there some way we can pin down what such a propealled “oomph” might be?
More to the point, is there some way we can saytiwbethe “oomph” of some third
material like polystyrene is closer to the “oompbt aluminum than it is to the
“oomph” of pine? And if so, how much closer?

More generally, if we have a bunch of different neatals, can we find a way to order
them according to the “oomph” property — from thene with the “largest” to the one
with the “smallest™?

First thoughts would suggest that the relevant pesty of the aluminum pieces, the
pine pieces and the polystyrene pieces that we w@piay attention to is how “big”
they are. But by “big” we might mean their physicsize (volume — amount of space
they take up) or we might mean their weight (or thmass). Clearly each piece of
aluminum, pine and polystyrene has bothvolume and a mass.

Assuming we have the proper instruments for measgrivolume and mass, we could
measure both the volume and the mass for each efpreces of aluminum, pine and
polystyrene. If we do so, we will quickly discotkat our mystery property, “oomph”,
cannot be mass and it cannot be volume. We can Bode pieces of pine with more

13 This may be regarded by many as a poor measure itating the rectangle by 90 degrees causesasune of
square-ness to change. A better intensive measgte be [(H-V)/(H+V)]. On rotation by 90 degree®thign, but not
the absolute value, of the squareness changes.

14 _..assuming the object is made of some homogeneatesial
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mass than pieces of aluminum and some pieces oé piith less mass than pieces of
aluminum.

If we try to organize our data we might make a taldomething like this:

material 1 aluminum material 2 pine material 3 polystyrene
volume (cc) mass (gm) volume (cc) mass (gm) volume (cc) mass (gm)
0 0 0 0 0 0
120 324 15 8.3 41 43.1
73 197 62 34.1 103 108.2
31 83.7 127 69.9 79 83
110 297 20 49.5 67 70.4

[Note that for each material we have included thetalpoint volume = 0 cc corresponding to mass = 0. ginis is
because if an object has no mass it takes up nacepa

Or we might plot our points on graph paper sometgitike this:

mass (gm)

[y
a1
o

350
300 H *

250 Apine

o
o
L

=
o
o

X
* X
X A
50 - A o
r A
0 & A ‘
0 20 40 60 80 100 120 140
volume (cc)

mass vs. volume

* & aluminum

Xipolystyrene

Data in tables (symbols) and graphs (images)

It is important to stress that at this point all weave done is to record our datsVe

have used two different but equivalent represeraas, one involving symbols (tables)
and the other involving images (graphs). Neitheipresentation is more fundamental
than the other. Each representation has its advagea. The table records our data in a
way that makes the precision of our measured nunshelear. However, it does not
make salient whether the masses or the volumescéose to one another or not. The
graph, on the other hand, typically does not allms to read the values of our
measurements to the same degree of precision asabile. It does, however, show us
whether data points are close to or far apart frane another and it does suggest
patterns and regularities that may be present irttable but not apparent.

Both the tabular and the graphical representabdiise mass and volume data we have
collected point to the formulation of an intenstugantity as a quotient measure of the
relationship between mass and volume for a givetemnah The tabular representation
suggests for any given material the relationship
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mass = [constant of proportionality ] x volume

holds. The [constant of proportionality] must hake dimensions of mass/volume if the
relationship is to be dimensionally meaningful. Tbenstant of proportionality] of a
given material is called the density of the matefiaus, having characterized the
relationship by a single number (albeit with unit® are in a position to rank order these
numbers.

The graphical representation makes the possilafitank ordering the relationship
between mass and volume even more salient thattdeeabular representation. The
data points for any given material lie on a stralgte going through the origin and we
can rank order these lines by their slopes.

Another kind of measure found in the K-12 matheasaéind science curricula is product
measure, typically a Cartesian product.

Some examples include
e area [~lengthelength]
volume [~lengthelengthelength]
combinations[~countsecounts]
work [~forceedistance]
momentum [~massevelocity]
flux [~(mass/distance)s(distance/time){1D},
~(mass/volume)«(volume/time){3D}]

etc.

Cartesian products seem to be a natural structuren to when one is confronted with a
guantity that seems to depend on two constitueantifies such that an increase in either
guantity results in an increase in the producttaedabsence of either quantity results in
the vanishing of the product. In contrast to intemsneasures, product measures clearly
depend on the amounts of the constituent quantities

Consider, for example the following problem:

A cleaning and refurbishing company is confrontetth whese data:

Name of job # people available Nature of job Estintad time - Other needed
hours information??
Joe’s yard 1 Remove debris 30
Sally’s attic 2 Haul out boxes 18
Sam’s basement 3 Remove debris|& 11
clean
Rose’s storeroom 4 Remove boxes|— 8
rearrange contents
School locker 5 Clean out and 7
rooms paint lockers
Town archives 6 Sort/keep/discard 6
old records
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The company needs to provide each of their potesiiénts with a cost estimate. What
additional information might they want to have? an devise a measure of “size of
task” that would allow this company to order thessks from “smallest” to “largest”?
Could your measure be used to determine the “sizahy future task that the company
may be asked to do?

Here is a way we might approach the problem usipgduct measure:

We might construct a measure of “size of task” tiplying the number of people
available for a task by the number of hours thk v@ll take. The measure of the “size of
task” is in person-hours and results in the follogvi

Joe 30 person-hrs
Sally 36 person-hrs
Sam 33 person-hrs
Rose 32 person-hrs
School 35 person-hrs
Town 36 person-hrs

If the company charges $10./person-hr [a quotiezdsuare] then we can construct yet
another product measure of the “size” of the jatultng in

Joe $ 300
Sally $ 200.
Sam $ 330.
Rose $ 320.
School $ 350.
Town $ 360.

We may find this sort of measure a little simptidtecause it does not take into account
some of the fixed costs attached to doing busindss.leads to the possibility of yet
another kind of measure which can additively aggreguotient and product measutes.

Suppose we charge $10 per person and $ 15 perTeem.our measure of “size of task”
in $is equal to

$10/person « {number of people} + $15/hour * {numbEhours} resulting in the

following:
Joe $ 460.
Sally  $290.
Sam $ 195.
Rose $160.

15 It should be pointed out that this measure ofd'siztask” discussed above has a structure thdtas
used in the social sciences — g A +a,A, +...+a, A, where the set4} denotes the set of attributes

that are deemed to be important for the composafdhe measure [{number of people} and {number of
hours} in the case written about above] and theBevefficients {;} are used to make the measure
dimensionally coherent [{$/person} and {$/hour}time case written about above] and also to exphess t
relative importance of the different attributescomposing the measure.
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School $ 155.
Town $150.

The first thing to note is that the two measuresaioproduce the same ordering of “size
of task”. Moreover, it is clear that many other ibke measures are possible. For
example, we might choose to take into account énehpur cost of different employees,
the degree of hazard attached to the nature gbthehe time of day during which the
work might be done, etc.

Nonetheless, these two measures are reasonabliesimp they useful? Is there a
context in which we might be able to say that omasare is preferable to the other? The
reader is invited to formulate other measures zE“®f-task”.

Let us examine another example of a product meaSuigpose we are interested in
devising a measure of how difficult it might bestop a moving objett Let us reason in
a way similar to the previous case in which we sledia measure of density.

Assume we have a collection of objects (say, pitkigg, fast pitched baseball, car,

motorcycle, bicycle, etc.) that are moving. Mogigle would be willing to agree that
there is some property of a moving pickup truck ihasually “larger” than that of a

moving bicycle. Suppose, for the moment, we dalipttoperty “oomph”

Is there some way we can pin down what such a propalled “oomph” might be?
More to the point, is there some way we can sayhein¢he “oomph” of some other
moving object is closer to the “oomph” of the pipkuck than it is to the “oomph” of
the bicycle? And if so, how much closer?

More generally, if we have a bunch of different mgwbjects, can we find a way to
order them according to the “oomph” property — frahe one with the “largest” to the
one with the “smallest™?

First thoughts would suggest that the relevant prtips of the moving objects that we
want to pay attention to are how heavy they are lamad fast they are moving. Each of
the moving objects has both a mass and a speed.

Assuming we have the proper instruments for megspeed and mass, we could
measure both the speed and the mass for each ofdlmg objects. If we do so, we will
quickly discover that our mystery property, “oomphéannot be mass and it cannot be
speed. A baseball, which is clearly less massie ¢ghcar, can be much harder to stop
that a slowly rolling car. By the same token, eaesery slowly rolling locomotive can be
much harder to stop than a fast moving car [a thett can be attested to by many drivers
injured in attempting to beat a train across a geattossing].

Clearly, any measure of this “oomph” property hasake bothspeed and mass into
account.

In order to formulate a measure of “oomph” we cotriglto “add” measures of speed
and mass. However, doing so leads to the unforéureult that a body could have
“oomph” even if it were standing still. Also, thHind of measure of “oomph” leads to the
conclusion that even a particle with no mass care@omph™’

'8 The moving objects in this paper are assumechisake of simplicity to all be moving in a straitihe.
" We clearly are omitting from this discussion aopsideration of the momentum of photons.
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A more successful measure of “oomph” would be apecbd of mass and speed. This sort
of measure avoids the difficulties that the presiptoposed measure had. With this
measure a moving object has no “oomph” if it isn&tang still. Moreover, even at a fixed
speed, the smaller the mass of the moving obfexsmaller its “oomph”.

This measure of how difficult it might be to stom@ving object is normally not called
“oomph” but is called_momentum.

Such product measures abound in the natural sdence

How are measures formulated?

Can we use the examples we have looked at to desswime of the component mental
activities that were involved in the formulationameasure?

Here is a list of proposed components of the a@tmofhulating a measure

e observing

e comparing

e ordering

¢ making measurements

e analyzing data
Observing

First of all, one must identify the attribute dtributes that are candidates that are
deemed to be important for incorporation into treasure one seeks to formulate. In the
case of the quotient measuwlensitythese candidates were mass and volume. In the case
of the product measuraomentunthese candidate attributes were mass and velocity.

Comparing

Can the amount or degree of presence of an atrguch as volume or mass in
one case be compared to the amount or degreesdme of that same attribute in a
second case?

Ordering

Can the amount or degree of presence of a gitahwae such as volume or mass
be ordered across a series of different cases?

Making measurements

Is there a metric that allows the amount or degfeeesence of a given attribute
to be measured in a variety of cases and or &R
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Analyzing data
Are there regularities that emerge in the analystbe data that suggest a

potentially useful measure? In the case of dengigphical analysis of the data suggests
a quotient measure that is proportional to massraretsely proportional to volume.

Is The Measure “Good Enough”?

Choosing a measure to characterize the stateystars is an exercise in deciding what
features of the system you want to include in ycharacterization and what features you
deem sufficiently unimportant for the purpose atchthat they may be neglected, at least
at first.

A measure of density may not, at first, contain egfgrence to temperature. A measure
like momentum may contain at first a reference aalthe speed of the center of mass of
a body and not refer to the distribution of mass eglocity within the body.

Thus the process of formulating a measure astsstiep on the road to modeling is of
necessity a tentative one. Ultimately, the quesbibfis the measure good enough” can
only be answered by listening to the fugue of ttedgtions of the model formulated
with this measure and the purpose for which theehbds been formulated.

From Measures to Models

Measures that are models & measures that are raelso

Are measures models? That depends. In my viewsengal property of a model is its
ability to predict the value of a measure ina@rnyet untried instance

In the case of density discussed above, we desigmeeasure (and called it density)
based on data collected from a variety of objdws were fashioned from a variety of
materials.

Can we predicthe value of the density measure for an objectsehmass and volume we
have not previously measured? Under limited circantes the answer is yes. If the
material is one with which we have worked befoenthsing our rule for how mass and
volume are related for the material in question -

if we measure the mass we can predict the volume
if we measure the volume we can predict the mass
if we measure the mass and the volume we can prtéeicatio of mass to volurtie

18t has to be stressed that for a finite numbetat& points the inferred linear mathematical retesiip
between mass and volumenigt unique. The assumption of a linear relationshipeid of our assertion
about the way nature behaves in déiseyet untried instances
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On the other hand, if we have not worked with tteterial before we cannot make such
predictions.

In contrast, consider “-ness” measures such asateguoess”. Despite the fact that the
task was presented with a finite number of recesgle did not simply infer a rule for
guantifying “square-ness” from these few rectangldss is in contrast to the density
case where we were dealing with real objects mauie feal materials and we were
obliged to devise our rule from limited data. Ie tase of rectangles, we were able to
takeall rectangles into account in formulating our measAsea result there are s yet
untried instancesThus from my perspective, “square-ness” is naiodel — it is simply a
measure.

In the case of our measure of difficulty of stogpaamoving object we have a related
situation. We have asserted that the value of theemtum ofany moving object can be
calculated from knowing the mass and the speeddabfdbject. There are ras yet
untried instancesMomentum, by itself, is not a model — it is a sw@®.

Getting from Measures to Models

The centrality of “as yet untried instances” testiscussion is by now evident. It is a
manifestation of the need for models to be falblé&. A measure whose value may
always be calculated from its definition is thusasly not a model.

Does this mean that measures are not germaneisoussion of models? Not at all.
Measures are the constructs we need to formulaiedier to build models. A model in
physics, for example, may predict how a measueeribomentum will change with time.
A model in chemistry may predict how a measure ¢i&acentration of a species might
change with time. A model in economics might pretimw a measure like gross national
product might change with time. A model in enviramntal science might predict how a
measure like average global temperature might aharigp time.

Measures can vary with parameters other than timg.+~measures such as density and
pressure in gases can vary with temperature. T8engal point is that in order to have a
model we must be able to predict the values of asome that we are interested in
instances that did not enter into the formulatibthat measure.

Ideally, one would like to predict how the valudsh®e measure one formulates might
vary with time or temperature or some other paranig} of interest. However, we may
not understand the underlying science well enoadtetable to make such predictions.
We may, however, have a qualitative understandinmderlying mechanisms that is
good enough for us to say the value of our measirencrease or decrease with time or

19 See for example Popper, KaFhe Logic of Scientific DiscoverBasic Books, New York, NY, 1959.
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temperature. Such semi-quantitative models have theesubject of some considerable
investigatiof>.**

Agent-based models — from local interactions tdalaneasures of complex behavior

The explosive growth of computational power hashbtathus to approach the problem of
modeling phenomena of all sorts in a fashion thbds precisely the opposite sequence
to that described up until now in this paper. Thaselels are called “agent-based”
models and are built on the assumption that phenaroan be simulated by considering
a large number of agents that interact with ondraran space and time via interactions
that can be stated and computed simply. Althougltptissibility of such models was first
described in the 1940s it was not until the wideagravailability of computers that it
became realistic to model phenomena in this fashion

Here is a quote from a description of agent-basedets*

The situatedness of the agents and their respansirposeful behavior are encoded in
algorithmic form in computer programs. The modelomgcess is best described as
inductive. The modeler makes those assumptionglhihooost relevant to the situation at
hand and then watches phenomena emerge from tiksageeractions. Sometimes that
result is an equilibrium. Sometimes it is an emetgattern. Sometimes, alas, itis an
unintelligible mangle.

Here is an example drawn from an agent-based noddish and shark populatiofisin a
rectangular grid:

20 See for example - Miller, R., Ogborn, J., Brigds,Brough, D., Bliss, J., Boohan, R., Brosnan, T.,
Mellar, H., & Sakonidis, B. (1993). Educational i®for computational modelling. Computers in
Education, 21(3), 205-261.

2 See also Jackson, S., Stratford, S. J., KrajGil& $oloway, E. (1995a). Making system dynamics
modeling accessible to pre-college science studBafser presented at the annual meeting of the idamer
Educational Research Association, San Francisco, CA

2 http://en.wikipedia.org/wiki/Agent_based_model

2 http://www.leinweb.com/snackbar/wator/
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Size 1014 [1-129508]

EANN [2)
Sharks 114 [0-1014]
(L [2)
Fish 750 [0-1014]

&) MNEY
Shark Breed 10 [1-100]
NN (2]
Fish Breed 3 [1-100]

(<L 2]
Shark Starve 3 [1-100]
A [2)

o | stop | Remix |

The upper part of the illustration shows the lamawf fish and sharks at a particular
instant in the evolution of the system. The lowat jpf the illustration shows two graphs,
one of the fish population as a function of time &me other the shark population as a
function of time.

Despite the fact that the rules governing the bemanf individual fish and individual
sharks are quite simple we see that quite commenatory behavior can emerge when
the model is run. Here is a short summary of thestt

The program is dependent upon five parameters, tpleisize of the
rectangular grid. The first parameter is the numbéfish, the prey. A fish
swims at random to one of the four horizontallyertically adjacent
spaces on the grid, if it is unoccupied. ... The sdgarameter is the fish
breed time. If a fish survives this number of cy@ed an open space is
available, a new fish is bred. The third paramesethe number of sharks,
the predators. A shark eats a fish in an adjaceate on the grid. A shark
swims to an open space if there is no adjacent Tibk fourth parameter
is the shark starve time. If a shark finds no fmhthis number of cycles, it

* ibid
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dies. The final parameter is the shark breed titnshark breeds in the
same way as a fish.

If the number of sharks is very small, the fishypajpon will increase
quickly and the shark population will soon folloecause they find plenty
of food. Eventually the fish will become overcrovded overwhelmed by
the large shark population and the fish populatmah crash. Depending
upon the quantity and distribution of sharks at liegjinning of the crash,
the fish may disappear entirely, the sharks mapimecisolated and
disappear or catastrophe may be narrowly averted.

| cite this example in some detall to illustrate thct that the statement of the individual
fish and shark behaviors is the starting poinhaf model. The - as yet unexamined —
entities in this model are the global meastirést emerge only after the individual fish
and shark behaviors are allowed to develop. This e@ntrast to the kind of model
discussed earlier in which measures are formulaneldthen their time or other
parametric behaviors are predicted.

Some implications for K-12 science and mathematics

The word “model” is widely used and, in my opiniavidely misused. By introducing
this distinction between measures and modelsnityifrope that explicit attention can be
paid in K-12 science and mathematics classes ttothaulation of measures. This in
itself is a worthy effort that deserves attentisnsaapparent from even a brief
consideration of some of the Balanced Assessmemss” tasks described above.

Moreover, separating the task of formulating a meagom that of formulating a model
that uses that measure focuses attention on thieatiisn between the measure construct
and the model construct. This is likely to resmlaibetter understanding on the part of
teachers and students of the differences and sinatabetween mathematics and
science. But that is the subject of another disonss

% Some of these measures include equilibrium stieggjency, amplitude and relative phase of the
oscillatory behavior of populations, conditions émllapse of one or both species, etc.



